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ASYMPTOTIC SOLUTION OF ONE CLASS OF .
SINGULARLY PERTURBED OPTIMAL CONTROL PROBLEMS

G.A. KURINA

Under certain conditions thexe is constructed and justified an asymptotic expansion
in powers of a small parameter, of the solution of the procblem of minimizing a quad-
ratic functional on the trajectories of a singularly perturbed linear system not
solved relative to the derivative, with fixed endpoints and fixed time. The limit
passage, as the small parameter tends to zero, of the solution of the perturbed
problem to the solution of a degenerate problem is established.

1. We examine the following classical fixed-time optimal control problem; find a con-
tinuous r~dimensional function i (I} minimizing the functional

I<u>=%§<<xw. Qz (> + (v Ru(v))dt (1.1)

[

on the trajectories of the eguation

(A +eBia(ti=Cx{+Dull), 20 =2, z{T)=aT (1.2
z(tyes R, A,B.C: R"->R™", D : R - R"™

Here &> 0 is a small parameter, T > 0 is a fixed number, all matrices are constant, R is a
positive-definite symmetric r X 7-matrix, ¢ is a positive-semidefinite symmetric m xm-matrix,
matrix 4 is singular, and the matrix 4 -+ eB is invertible for sufficiently small e=0;
{-, »> denctes the scalar product. For

) o)

(E is the unit matrix) problem (1.1), (l.2) was analyzed in /1/, where the zero approxi-
mation of the solution was constructed. Eqguations not solved relative to the derivative are
encountered, for example, in economics (the input-output equation /2/). Using Pontriagin's
maximum principle /3/, we arrive at the two~point boundary-value problem

(A --eByz (t, &) = Cz (t, e} - Sy (1, &); z (0, &) = 2° (1.4)
a (T, &) =aT

(A" = eBY ¢ (1, &) = Qz (t,e) — C" 1 (¢, &)

8 = DRID', ¢ (1, 8) = (4" + B’y (1)

where ¢ {f} is the adjocint variable and the prime denotes transposition. Here the optimal eton-
trol takes the form

u(t, g) = RID'¢ (t, &) (1.5)

2. Let the kernel of matrix 4 be one-dimensional. Then we can,take it that by nonsing-

ular transformations of system (1.2) the matrix A can be brought to the form diag {J, E}, where
J is the Jordan cell corresponding to the zerc eigenvalue. By g we denote the eigenvector

of matrix 4, corresponding to the =zero eigenvalue, and by e, ..., 8, the corresponding chain
of associated eigenvalues. We assume ag well that
Cni = <Céyy e3> 5= 0, @y = {Qey, ;> % 0 (2.1)

where (;; denotes the element in the i-th row and j-th column of matrix C. Henceforth, for
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the i-th components of the vectors z and Cz we shall use the notation &' and — (Cz), respecc-

ively: i=1,2,...; [z]' is a vector from R™!, obtained from a vector z = R™ by deletion
of the i-th component; [CW is an (m — 1) X (m — 1) -matrix obtained from the m X m -
matrix C by deletion of the i-th row and j-th column.

Let us consider Eq.(l.2) with e =0, i.e., the unperturbed equation relative to 7 (¢).

On the strength of condition (2.1), we express Z' from the algebraic equation and we substit-
ute the resultant expression in the differential equation relative to [z]'. We obtain

[#]' = Col2]* + Dou;  Co[2} = [CT™ [2] — (2.2)
[Cal*(ACe], [2]%/Cmi Do =[Du]* — [Cer]* (Du)"/Cns
We assume that the degenerate system (2.2) is completely controllable, i.e.,
rank (Dy, Cy Dy, ..., Co 7 Dy) = m — 1 (2.3)
and that the condition
D'e, % 0 (2.4)

is fulfilled. Under these conditions, by using the change of variables
E= [z +eHn, 1 =z -G (2]
to lead system (1.2) to the form

E=Co+O0ENE+ D +0E)u, v =((Cy +0 ()7 +
(Du)* + O () u)/(e’v)
ve=(—=1)P1(B(A'B)1tey,e,), p= min i
(BLA'Bf~1ey, e )30

we can show that system (1.2) is completely controllable for sufficiently small es=0. The
existence of the number p > 1 follows (*) from the condition of invertibility of the matrix
A + 8B for sufficiently small &. For matrices 4 and B of form (1.3) the controllability

of the perturbed system has been proved in /4/. Using the result in /5/ we can prove that
under the assumptions made on the properties of matrices @ and R, a boundary-value problem

of type (l.4) has a unique solution if and only if system (1.2) is controllable, For suffic-
iently small ez« () the complete controllability of system (1.2) follows from conditions (2.1},
(2.3), (2.4) and, therefore, the optimal control (1.5) has been defined uniquely.

3. system (l.4) is singularly perturbed /6/. We shall seek the asymptotics of the
solution of problem (1.4) for an arbitrary integer ¢ >0 in the form

q 3.1
z(t, e)=,-§, el (x; (¢) + Iz (vo) + Q2 (1)) + gz Ty 8) ¢ )
q

w(te)= Y e (5 )+ T (x0) + Q5 9ter)) + o (6, );

=0

where all functions are continuously differentiable, Iz (%), IIjp(7y) are boundary-layer func-
tions in a neighborhood of t = 0, Qz (r)), Qs (r,) are boundary-layer functions in a neighbor-
hood of ¢t =T, while the remaining terms r,z (¢, &), rgp (f, 8) have the estimates

3.2
rge (& 2) 1 |7 (8, &) | < cerst -2
|rgz (¢, €) |y | rq.‘p (2, 8) | < ceH?
Here and further ¢ denotes a positive constant not dependent on &, %, T,s; || denotes a norm.

The next lemma is easily proved.

Lemma 1. In order that the functions z (¢, €), ¥ (¢, ), having expansions (3.1) with esti-
mates (3.2) for any integer ¢>» 0, be a solution of system (l.4), it is necessary and suffic-
jent that for j=0,1,...,q the functions =z (¢), ¥; (!) be solutions of the system of equations

*) For example, see, ZUBOVA S.P., Singular perturbation of linear differential equations not
solved relative to the derivative. Dissertation for the scientific degree of Candidate of
Physico-Mathematical Sciences, Voronezh. State Univ., 1973.
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Azy (8) = Cz; (0) + S by (8) — Bz (1) (3.3)
A (@) = Qz; (&) — C; (1) — B'%ia ()
the functions II;z (7,), I (T,) be solutions of the system of equations
A d—]{g‘fl’ ——B Y el e (v + ST (50) (3.4)
A j'n—{;’;—:i =-—F iyﬁl',ltﬁz* — C'TLi-p (To) + QIL;pT (7o)

T by T 1z (To)

the functions Qux (1), QyP (r;) satisfy system (3.4) with the substitution of
and the remaining terms rgr(t, &)y rgd (¢, &) satisfy the system

by Q;z (1), Oap{te) by Q¥ (m)s
(A +eB)rjz(t, &) = Crgz (t, &) + Srgp (¢, €) + Fy (¢, &) (3.5)
(A" + eB')ryy (¢, &) = Qrgz (t, 8) — C'rp (2, &) + Fy (2, &)
q
Fi(t,e)=—e#1Bzy (1) + C [z (%) + Q2 () +
J=q+1—p
g dil z d
s Y o (p ) + Qpp () — evnep (L | RE )
j=q-+1—p
q
Fate)=—eB% ()—C Y, o (p(to) + Q9 () +
j=q+1—p
< . dn d
¢ Y M) + Qs () — evrmopy (TgEC K¥E))
j=g+1—p
j<<0 are taken equal to zero.
Therefore, the

In all expressions the functions with indices
The function z (f, &) must satisfy the boundary conditions from (1.4).

boundary conditions for the functions occurring in expansion (3.1) are naturally specified in

the following manner:
zo (0) + oz (0) = 2°, z; (0)+ z(0) =0, j==0 (3.6)

2o (T) + Qoz (0) = 27, 2; (T)+ Q2 () =0, j== 0
rg (0, e)_—ie’Q,z ——-L) rez(T,e —-—Ze’l’[,z (Lp)

=0

(3.7

Let us find the first term of asymptotics (3.1) Analogously to /7/ we can show that
systems (3.4) are solvable for j=0,1,...,p —1 and their solutions have the form

Tz (50 = 3, (— )"+ by () (4'By+e

j
;% (o) =k§° (— 1Y% b2 (v0) (AB'Y* e,

where byt (To), bi® (%) are as yet unknown continuously differentiable functions. The equalities

dall

(- B_.._H""” + CHez (10) + STIoW (ta), €5 > =0
, w .

< B—el () — C'Tlo¥ (T0) + QIez (7o), el>50

From the latter relations, with

are the solvability conditions for system (3.4) with j = p.
due regaxd to the preceding expressions, and from the definition of number p we obtain the

system
dbg (to) Crbo! (To) S pnbe® (To)
dt, v v (3.8)
dbo? (Te) __ Qube* (vo) Cpabo® (t0)
v v

dt,
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an the same way we find that Qux(m)=a¢ (1)) e;s Qo (1)) = ao° (1) €y, where a,! (1y), a° (1) sat-
isfy exactly the same system as for the functions b,! (1), be® (Tg). From (3.6) we have

2y (0) = 2° — be (0) ey, 2o (T) = 2T — a! (0) &,
Hence we define [z, (0)IY, [z, (I)]"
Lemma 2. Under the assumptions made on the properties of the matrices the system
Ay =Cy+ 8z, A2 =Qy—C'z {3.10)
with the zero boundary conditions [y (0))! = [y (T)]* = 0 is uniquely solvable.
Proof. we multiply the first equation of system (3.10) scalarly by : and the second by

y and we add the results. Integrating the resulting equality with respect to t from 0 to T
and accounting for the zero boundary conditions, we find

T
S (¢<8z,2> + Qy, ) dt =0
0
Because of the positive semidefiniteness of matrices §,Q from the last equality follows
Sz=10,Qy=0. Therefore, from system (3.10) we have
Ay = Cy, A2 = — ('z
From the first equation of this system, by virtue of the zero boundary condition for y, we
obtain y(¢)=0. From the second equaticn we obtain
= — 2], [Ce™/Cm
Taking this relation into account, we have
<8z, 2y = (DyRDy [2]™, [z]™

By @ (¢ s) we denote the fundamental matrix for matrix ¢,. Then

=0 0, 9 [z (O

T T
S ¢Sz, 1y dt =S DR, [z, [z 0] dt =
] (1]

T

S <D (0, 1) D,RIDG® (0,8) [z (O [z ()™ de =0
[1]

From the latter equality, because of the complete controllability of the degenerate system
(2.2) and the positive definiteness of matrix R-! we have [z (0)]*=0. Hence [z{|*"=0,:()=0.
i.e. z(t) =0.

Lemma 3. If the homogeneous problem
y = Cy, My (0) — Ny(T) =0
has no nontrivial solution, then the inhomogeneous problem
Y¥'=Cy+egt), My@O —Ny(T)=4d
where g (t) is any prescribed continuous function and d is a prescribed constant vector, has
a unique solution.

Proof. The general solution of the inhomogeneous equation is given by the formula

t

v (O =oxp (Cty s+ exp (€t — 5N g () s
0

and satisfies the prescribed condition if and only if

T
Myo— N (exp (CT) yo + { exp (C (T — ) g (s)ds) = d
1]

Since the homogeneous problem does not have a nontrivial solution, from /8/ it follows that
the matrix M — Nexp (CT) is not singular. Therefore, w 1is uniquely determined from the pre-
ceding equation. Hence, the solution of the inhomogeneous problem has been uniquely deter-
mined. The assertion of the last lemma was proved in /8/ for d=0.

We can now prove the unique solvability of the system

Ay =Cy + Sz + g, A’ =Qy—Cz + ¢

with prescribed boundary conditions [y (O)!, [y (T)I'. If in this system we pass to the coordin-
ate notation, from the finite relations we can express y', z" in terms of [yl*, [zI", g1, g».
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Substituting the resultant expressions into the system of differential equations relative to
functions |[y]!, [2]", we arrive at a system of inhomogeneous differential equations for the func-
tions [yl', [z]® with the prescribed boundary conditions [y (O)I, ly (T)]'. The unique solvability
of the homogeneous boundary-value problem for [yl', [z]* follows from Lemma 2. By virtue of
Lemma 3 the inhomogeneous boundary-value problem for [yl!, {z]* is uniquely solvable. Therefore,
the original boundary-value problem is uniquely solvable.

On the basis of the preceding arguments, iz, (t), ¥, ({) are uniquely determined from system
(3.3). From (3.9) we now can find &' (0), a,! (0). One condition for system (3.8) is well known,
while a second is the condition that &g (t,) tends to zero as 7T, — +oo. Thus, by (1), by? (To)
have been determined, and, hence, also IIyz (To), Hep (T,). The functions Qo (1,), @y ¥ (r,) are
found analogously. Thus, the first term of the asymptotics (3.1) has been constructed.

Lemma 4. Let ¢>p. For any j,j=0,1,...,94 —p, from the equations in Lemma 1 we can
uniquely determine the functions  ;(#), $; (1), Iz (v5), MW (ty), Q;z(T), Qs¥ (v;); the equations for
the functions Hjpz (%), Il (1p)s Qjsp (1), Qjep¥ (7)) are solvable, the components of Iz (1),
MOy (t,) have the form e*p (7)), the components of the functions @z (v), Qs (yy) have the
form ebug (1,), where p (%), ¢ () are certain polynomials of both arguments, } = ((Cpn)? -+
QuSan)/* 1v [

The differential equations for determining the functions b (1), @' (1) (i = 1,2) are found
from the solvability conditions for the equations for I, (To)y My ¥ (To)y QuupZ (11)y Qpapd (1)
Therefore, in order to find all the boundary-layer functions in expansions (3.1) it is neces-
sary to write these expansions to within g¢?.

4. Now we can prove the estimates (3.2) for the solution of system (3.5) with conditions
(3.7). To do this we split the system (3.5) into two systems:

(E +e[BY"Y)[2]' =[C}" [2]) - [ST"[y]" + (4.1)
[Fy —eBey (21) + Ceyzt + Sey" "

(E +e[BI T =[Q)" [ - [CT"[]" +
[Fs—eB'en(y") + Qerz? — Cleny™1t

& (B2)" = (C2)"+ (Sy)* + Fi"s e (B'Y') = (Q2) — (C'y)* + Fa! (4.2)

Here

z(t,e) =rz(te) y(te)=ryy (2 e)

From (4.2) we express 2%, y"

arrive at a system of form

[2']‘“_ “[z]‘“ i“gl @y, e,t)“ hEy"e )
“[y‘]" =FOlrit o ey el i@, e,t)H

We do not write out the exact expressions for the coefficients of the last system because of
their cumbersomeness. When estimating the remainder term we denote by f; (5!, y*, &,t) a vector-
valued function of dimension 1 or m — 1, for which the inequalities

and we substitute the expressions obtained into (4.1). We

(4.3)

[Fe @y e, ) [ <Cee (122 (2 €) leo, 71 + | 97(8s €) logo, m1)+ ce®1-P (i =1,2
are valid. (From the form of functions F, (t, &), F; (t, 8) and the properties of the functions
occurring in expansions (3.1) it follows that the inequalities | Fi (¢, ) | Cee® P (i =1, 2)
hold). By virtue of Lemma 2, the boundary-value problem (3.5), (3.7) is uniquely solvable
when & = (. Therefore, system (4.3) with prescribed boundary conditions [z (0, e)P, [z (T, €)]' is

uniquely solvable for sufficiently small e and, using the Green's function @&(t, s, e), its solu-
tion can be written as

[z (¢ &)
|' lyt.e"

exp(F(e)y)V?

T

=\Git.s¢) (% gl(z’y’fv‘)ﬂ fx(z‘,y",e,S)u
§ (s, €) (e s ngg(z,y,s,s) + f2 (2, Y™, &, 5) >d3+ (4.4)
[2(0, &)

[2(T,e)]

. |E O 00
) V=l‘0 0”~H_E 0Hexp(ﬁ'(e)T)

It can be proved that the estimates

16es el |26 <o

are valid. 1In expression (4.4) we apply the integration by parts formula to the terms con-
taining the derivatives (allowing for the discontinuities of the function G (¢, s, &) when ?=>¢).
Further, taking into account the estimates for functions Qz(—T/e"), Il;z (T/eP) and the esti-
mates for the function G (¢, s, €), we get that
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ealt=hHE e t), g el* =71 GE ¥ et) (4.5}

We pass on to Egs.(4.2). Using the preceding relations and the definition of number p.
we can reduce them to the form

. C S 1
@ =52+ Ty = iGN e ) (4.6)

n)__Qu 1 y"+—fz( yytoet)

vsp

If in this system we treat f,,f, as the inhomogeneity, then the homogeneous system with pre-
scribed boundary conditions 2! (0, ¢), z! (T, 2) is uniquely solvable and we can write the solu-
tion of system (4.6) with prescribed boundary conditions z! (0, e), z* (T, €}, using the Green's
function G (¢, s, &?), in the form

T n

nz‘(" 8)u=LSG(t, ; e”)“f‘( A s)“ds-{—exp(Kt)W‘l = 0, 8’“
0 |
N

yn(t'e) eP f?( ’y Er) z‘(T,e)
Cﬂl n
veP veP

1(== ’ == T
2t | " =lo ol~l1 olewn
veP veP

From the form of the function G (t, s, ¢”) follows the validity of the inequality
. T
s—,,S]G(t,s,a”)lds<c
0

By virtue of this inequality and the form of the matrix exp (Kt) W we have
2 (tv E) = f (zl’ ynv €, t)* y" (¢, 8) = fz (Zlv y"’ €, 1)

whence from relations (4.5) it follows that

| 7q x (t, &) lcro, 710 | 7q) (2. &) lcpo, 77 <C ce®!~?
From the differential equations for ryz (¢, €), ryp (£, €) we obtain the estimates

q q

| rg'z (¢ &) lero. 1 | 730 (2, €) lepo, 77 << cea+1-2p

In order to obtain estimates (3.2) we need to write the expansions for z,) to within &9’

and to take advantage of the estimates proved above for rg pz (¢, &), rep¥ (¢, &) (in the preceding
inequalities write ¢ + p instead of g¢).

5. Using the asymptotics for the function ¥ (f, &) we obtain the asymptotic expansion of
the optimal control (1.5) in a power series in &. Since the asymptotics for the optimal con-
trol and the optimal trajectory have been constructed, we can write an asymptotic expansion
in powers of & for the minimal value of the functional

a .
T(u)= 3 &I; + 0(e)
=

We investigate the solution’s behavior as &->-0. From the form of the asymptotics it follows
that z(t, )=, (£), ¥ (t, e)>o (!) in the metrics of CI[T,, Tl O0<T, < T,<T) and of I, [0, T]. In
addition, since [z (to)! = [Qez(x)I! = 0, (g} (x)I* = Qo (x)]"=0, we have [z {t, &)l'~ [z, (1%,
W (¢, e)I* = [Yo OI" in the metric of C [0, T].

We pose a degenerate control prcblem. Find a control u (t) minimizing the functional

I ) ‘S«u) QT()> 4 <u(t), Ru())dt (5.1)

on the trajectories of the equation
Az (t) = Cz (t) + Du (1), {z (O)I' = [2°B, [z (DI = [T} (5.2)

Using the method of proof of the sufficiency of the optimality conditions in /3/, we can prove
that the optimal control i (f) for the degenerate problem is determined from the maximum prin-
ciple
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—1,4i (8), R (8)) + (o (1), Di (1)) = maxy (—y<u, Rup + (g (2), Dup)

Since in the problem being analyzed no constraints are imposed on the control, from the pre-
ceding relation we find @ (f)= R™D’Y, (t). It happens here that Z (f) = z, (!} From the form
of the optimal control for the degenerate problem we obtain an assertion on the tending of
the perturbed problem's solution to the solution of the degenerate one, in the metrics of clr,
T, (O0< T,<T,<<T) and of L, [0, T]. Moreover, the minimal value of the perturbed problem's
functional I (u) tends to the minimal value of the degenerate problem's functional [ (u) =1,
as e— 0. Thus, we have proved the following theorem.

Theorem. Under the fulfillment of the above-listed conditions imposed on the matrices
A,B,C,D,Q, R, fortheproblem (1.1), (1.2) there exist asymptotic expansions for the optimal
trajectory, the optimal control and the minimal value of functional (l.1l) in powers of &.

As &0 the solution of the perturbed problem (1.1), (1.2) tends, in the appropriate norms,
to the solution of the degenerate problem (5.1), (5.2).

6. wWe apply the proposed algorithm for constructing the asymptotics to the example from
/1/ with &= 041

1
I(u)= ‘;— S (2(z)2 + 4 (@)2 + (u)?) dt
[

z' e(@)  =05a —1522 —u, 1 (0)=3, 21 (1) = —~13

(z?)° = 1,521, 2? (0) = 4, z? (1) =05

13 — The calculation results are shown in the Fig.l. The dashed
curve corresponds to the degenerate solution #!(t); curve 1 cor-
responds to the solution in the zero approximation (to with-

,/céj in 0 (1)) with due regard to the boundary layers; curve 2 cor-

-4 N7, responds to the solution in the first approximation (to within

0 (e)); curve 3 corresponds to the exact solution z!(f,e). It

Ve t turned out that the solution in the second approximation (to

n/ 73 7 within 0 () practically coincides with the exact solution.

We remark that in /1/ only the =zero approximation was

Fig.1l constructed, with the use of solutions of the Riccati equation.
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